WEDGE PRODUCTS AND COTENSOR COALGEBRAS IN MONOIDAL 

CATEGORIES 



A. ARDIZZONI 



Abstract. The construction of the cotensor coalgebra for an "abelian monoidal" category M 
which is also cocomplete, complete and AB5, was performed in [A. Ardizzoni, C. Menini and D. 
§tefan, Cotensor Coalgebras in Monoidal Categories, Comm. Algebra, to appear]. It was also 
proved that this coalgebra satisfies a meaningful universal property which resembles the classical 
one. Here the lack of the coradical filtration for a coalgebra E in M is filled by considering 
a direct limit D of a filtration consisting of wedge products of a subcoalgebra D of E. The 
main aim of this paper is to characterize hereditary coalgebras D, where D is a coseparable 
coalgebra in M, by means of a cotensor coalgebra: more precisely, we prove that, under suitable 
assumptions, D is hereditary if and only if it is formally smooth if and only if it is the cotensor 
coalgebra T^(D Ae D/D) if and only if it is a cotensor coalgebra T£,(A r ), where N is a certain 
D-bicomodule in M. Because of our choice, even when we apply our results in the category of 
vector spaces, new results are obtained. 



Introduction 

Let C be a coalgebra over a field K and let M be a C-bicomodule. The cotensor coalgebra 
Tq(M) was introduced by Nichols in [Ni] and it appears as a main step in the classification of 
finite dimensional Hopf algebras problem (see, e.g., |AG| and |ASp . In |Chj the relation between 
quiver coalgebras and hereditary coalgebras is investigated. In |JLMS| . hereditary coalgebras with 
coseparable coradical are characterized by means of a suitable cotensor coalgebra: more precisely, 
the authors prove that a coalgebra C with coseparable coradical D is hereditary if and only if it is 
formally smooth if and only if it is a cotensor coalgebra T£, (N), where N is a certain D-bicomodule. 
The main aim of this paper is to prove Theorem l3.23l which establishes an analogous result inside the 
framework of monoidal categories. This is pursued using the notion of formally smooth coalgebra 
for " abelian monoidal" categories developed in |AMS2j and using the construction of the cotensor 
coalgebra for " abelian monoidal" categories performed in |AMS1| . 

The basic point when dealing with coalgebras in monoidal categories is that there is no notion of 
coradical. The idea then is to take a subcoalgebra D of a coalgebra C and to consider the coalgebra 
D which is the direct limit of the iterated wedge powers of D in E. Then the coalgebra D acts, 
in a certain sense, as the coradical of D. Thus, because of our choice, even when we apply our 
results (e.g. Theorem 13. in the category of vector spaces, new results are obtained. It is also 
interesting to point out that, working in this wider context, we had to develop some properties of 
the wedge product that have an intrinsic interest. Due to the width of our setting, many technical 
results were needed. To enable an easier reading, we decided to postpone a number of them in two 
appendices that can be found at the end of the paper. 



Notations. Let [(X, ix)] be a subobject of an object E in an abelian category M, where 
ix = ix '■ X '— > E is a monomorphism and [(X, ix)] is the associated equivalence class. By abuse 
of language, we will say that (X, ix) is a subobject of E and we will write (X, ix) — (Y,iy) to 
mean that (Y, iy) € [(X, ix)]- The same convention applies to cokernels. If (X, ix) is a subobject 
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of E then we will write (E/X,px) = Coker(ix), where px = Vx '■ E ~ * E/X. 



Let (Xiiijr ) be a subobject of Y\ and let (X 2 ,z^ 2 2 ) be a subobject of Y 2 . Let a; : X\ — > X 2 and 



V 2 



y : Yi — > Y" 2 be morphisms such that y o z 



; r 2 



Then there exists a unique morphism, which 



we denote by y/x 



y 1 /x 1 -» r 2 /A 2 



such that j o 



: Px 2 ° V- 




1. Monoidal Categories 

1.1. A monoidal category means a category that is endowed with a functor ® : A4 x M. — ► .M, 
an object 1 G A4 and functorial isomorphisms: ax,Y,z '■ (X®Y)®Z — > X(g>(Y(8>.£), ?x : 1®X — > A" 
and rx : X ® 1 — ► X. The functorial morphism a is called the associativity constraint and satisfies 
the Pentagon Axiom, that is the following diagram 



((17 ® V) ® W) ® A acJ,v,w > (Z7 <g> (F ® WO) ® * 




£/(g> (V® (W 7 ® A)) 



is commutative, for every £/, V, W, X in A4. The morphisms Z and r are called the unit constraints 
and they are assumed to satisfy the Triangle Axiom, i.e. the following diagram 

a V 1 w 

(V®1)®W — '—^ V®(1®W) 




v®w 

is commutative. The object 1 is called the unit of Ai. For details on monoidal categories we refer 
to |Kal Chapter XI] and |Maj| . A monoidal category is called strict if the associativity constraint 
and unit constraints are the corresponding identity morphisms. 

1.2. As it is noticed in |Maj[ p. 420], the Pentagon Axiom solves the consistency problem that 
appears because there are two ways to go from ((U ® V) ® W) ® X to U ® (V ® (W ® X j). The 
coherence theorem, due to S. Mac Lane, solves the similar problem for the tensor product of an 
arbitrary number of objects in A4. Accordingly with this theorem, we can always omit all brackets 
and simply write Xi®---® X n for any object obtained from X\, . . . , X n by using ® and brackets. 
Also as a consequence of the coherence theorem, the morphisms a, I, r take care of themselves, so 
they can be omitted in any computation involving morphisms in A4. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be 
introduced in the general setting of monoidal categories. For more details, see [2MS2 . 
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2. Wedge and cotensor products 

We quote from |AMS1I 2.4] 

Definition 2.1. A monoidal category (A4,®,1) will be called an abelian monoidal category 
if: 

(1) M. is an abelian category 

(2) both the functors X (gi (-) : M — > M and (-) ® X : M — > .M arc additive and left exact, 
for every object X e M. 

2.2. Let 15 be a coalgebra in an abelian monoidal category M.. Let us recall, (see |Mol page 60]), 
the definition of wedge of two subobjects X, Y of E in M. : 

(X A E Y,i% AEY ) := Ker[( Px ® Py) ° A B ], 

where • E — > and : _E — > E/Y are the canonical quotient maps. In particular we have 

the following exact sequence: 



0- 



X Ae Y ■ 



E — 5- E/X ® £/F. 



Consider the following commutative diagrams in M. 




where e is a coalgebra homomorphism. Then there is a unique morphism x A e y : Xi Ab x Yi 
-X2 A_e 2 Y2 such that the following diagram 



Xi A El Yi 

xA e y : 

y 

X 2 A E2 Y 2 



£ 2 



X 2 A E, *2 



commutes. In fact we have 



(pf 2 2 ®pf)°(e®e)oA £l ozf liABin 

( £ ® £) o (pfj ® pg) o a £i o ifj ; = o 



so that, since (X 2 Ae 2 ^2,ixj Aj! yj is the kernel of (p^ ®Py 2 2 ) ° Ae 2 , we conclude. 
Lemma 2.3. Consider the following commutative diagrams in M. 




-1 
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where e and e' are coalgebra homomorphisms. Then we have 

(1) (V A e > y') o (x A e y) = [x'x A e , e y'y) 

Proof. : straightforward. 



□ 



2.4. Let M. be an abelian monoidal category and let E be a coalgebra in (A4, C3>, 1). Given a right E- 
bicomodule (V, p v ) and a left i?-comodule (W, p l w ), their cotensor product over E in M is defined 
to be the equalizer (Vn E W, x(Yi W) = Xe{V, W)) of the couple of morphism (p v ® W, V <8 p^): 



F<g> W: 



V ®E® W 



Since the tensor functors are left exact, in view of |AMS1I Proposition 1.3], then VDeW is also a 
_E-bicomodule, namely it is _E-sub-bicomodule of V ® W, whenever 1/ and W are L?-bicomodules. 
Furthermore, in this case, the category ( E A4 E ,D E , E) is still an abelian monoidal category; the 
associative and unit constraints are induced by the ones in M. (the proof is dual to [A~MS2 
Theorem 1.11]). Therefore, also using \3 E , one can forget about brackets. Moreover the functors 
MU E {-) : E M -> M and {-)U E M : M E -> M are left exact for any M e M. 

We will write □ instead of □(?, whenever there is no danger of misunderstanding. 
One has the following result. 

2.5. Let e : i?i — > E 2 be a coalgebra homomorphism in an abelian monoidal category M.. Let 
(VijP^ 1 ) be a right £ , i-comodule, let (Wi, El pwi) be a left i?i-comodule, let (V 2 ,py 2 ) be a right 
i?2-comodule and let (W 2 , E2 Pw 2 ) be a left i?2-comodule. Let v : V\ — ► V2 and w : Wi — » W2 be 
E^-comodule homomorphisms (where V\ and Wi are regarded as -E2-comodules via e). Then there 
is a unique morphism v\3 e w : Vl\3e 1 Wi — > V 2 \3 E2 W 2 such that the following diagram 



Wi 



V 2 U E2 W 2 



V 2 ®W 2 



XE 2 (V 2 ,W 2 ) 

commutes. In fact we have 

(Pv 2 ® W 2 ) o(v®w)o XEl {Vi , Wi) 
= (v®E 2 ®w)o(p E2 ®Wi)o XEl (Vi,Wi) 
= (v®E 2 ®w)o [(Vi ® e)p^ ® Wi] o Xfi! (Vi, Wi) 
= (v <g> e <g> to) o (p^ 1 ® Wi) o XBl (Vi , Wi) 
= <g> e <g> to) o [Vi <8> El pwJ QXBjCVi.Wi) 
= (v®E2®w)o [Vi ® (e ® Wi) o ^pwj ° Xfix^i, Wi) 
= {v<E)E 2 <g)w)o(V 1 <E) E2 p Wl )o XEl (V 1 ,W 1 ) 
= {V 2 ® E2 pw 2 )°{v®w)o XEl (V u W 1 ) 

so that, since (V 2 D E2 W 2lXE2 (V 2l W 2 )) is the equalizer of p E2 ® W2 and V2 ® E2 Pw 2 i we conclude. 
Note that \{ E\= E 2 = E and e = Ids, one has 

t)D e w = vD E w. 

Lemma 2.6. Let e : E± —> E 2 and e' : E 2 ~> E3 be coalgebra homomorphisms in M.. Let 

(Vi,p%)€M E \ (V 2 , P E2 )eM E2 , (V 3 ,p%)eM E \ 
{W 1 E ^ PWl )e El M 1 (W 2 E2 P w 2 ) e E2 M, {W 3 E * pw 3 ) e Ea M. 
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Let v : V\ — ► Vi and w : W\ — > W2 fre Ei-comodule homomorphisms (where Vi and W\ are regarded 
as Ei-comodules via e) and let v' : Vi — ► V3 and w' : Wi — > W3 be E^-comodule homomorphisms 
(where Vi and Wi are regarded as E^-comodules via e'). Then 

(2) {v'n e 'w') o (vO e w) = (v'v\3 e , e w'w). 

Proof. : straightforward. □ 

Proposition 2.7. Let A4 be an abelian monoidal category, let E be a coalgebra in Ai and let 
(V, py) be a right E-comodule. Then the morphism p E : V — > V ® E factorizes to a unique 
morphism p E : V — > VDeE such that x(V,E) op E = p E . Moreover p E is an isomorphism whose 
inverse is given by 

(Pvr 1 =r v o(V®e E )°x(V,E). 
An analogous statement holds for a left E-comodule (W,p l w ). 

Proof. Since (V, py) is a right i?-comodule, by universal property of the equalizer, we get the 
existence of p E . Set sy ■= ry o (V ® ee) x(Yi E). We have 

sv Pv = r v o (V ® e E ) o x(V, E) o p E = r v ° {V ® £_e) o p E = r v ° r v Y = Idy. 
Moreover we have 

X(V,E) opy' o sy = pyosy 

= Pyor v o(V® £ E ) o x(V, £) 

= ry®E ° 

= ry^E ° (V®E®£ E )o (p E ®E)° X (V, E) 

= r v<SE °{V ®E®e e )o(V ® A E )°x{V,E) 

= {V ®r E )o[V ®(E®£ E )o & E ]°x(V,E) 

= (V®r E )o(V®r E 1 )o X (V,E)=x(V,E). 

Since x{V, E) is a monomorphism, wc get ~p E o sy = Idv®E- □ 

Lemma 2.8. Lei a : A ^ E be a monomorphism which is a coalgebra homomorphism in an abelian 
monoidal category M. Let (W 7 E pw) be a left E-comodule and let A pw ■ W ^ A ® W be a 
morphism such that 

E p w = (a ® W) o A p w . 

Then (W, A pw) is a left A-comodule. 

Let A pw be the unique morphism such that A pw — xiA, W) o A pw- Then A pw '■ W — > .ACUW is 
a morphism of left E-comodules. 

Proof. We have 

(a ® a ® W) o (A ® o A pvi/ 
= [E 1 ® (a ® W) A pw] ° (a ® VK) o ^p^/ 
= (E® E Pw ) o E Pw 
= (A E ®W)o E Pw 

= (A E ® W) o (a ® W) o = (a ® a <g> W) o (A A ® W) o A p w . 
Since a ® a ® is a monomorphism, we get 

(A ® A p w ) o A p w = (A A ® W) o ^pw. 

Moreover we have 

(ea ® W) o A p w = (e B ® W) o (a ® W) o A p w = (e B ® W) o ^p^y = l w . 



6 



A. ARDIZZONI 



Therefore (W, A pw) is a left A-comodule. Let us prove that A pw is a morphism of left -E-comodules. 
We have: 

(E ® a <g> W) o [E ® x(-4, ^)] ° ® ° *W 
= ( J B(gia(g)iy)o(£;(g)' 4 pvi/)o' B Pw 
= (£7 ® E Pw ) o B pw 
= (A B ® o B pvi/ 
= (As ® VT) o (a ® W) o A pw 
= (A E ®W)o(a®W)o X (A, W)o A p w 
= (E <g> a <g> W) o ( E p A ® W) o x(A W) o A p w 
= (£ ® a ® W) o [£ ® W)] { E PaO a W) o 
= {E(g>a(g)W)o[E(g)x{A,W)}o E p AaAW o A p w . 

Since £? <g> a <S> and £7 ® x(A W) are monomorphisms, we obtain: 

(E <g> o ^p^y = ^Pad^h/ o a p w , 

i.e. that ^pw is a morphism of left S-comodules. □ 



Remark 2.9. Let £7 be a coalgebra in an abelian monoidal category Ai, let X be a right coidcal 
and let Y be a left coideal of E in M.. Then we have 

(XA B y,rf AEy ) = Kcr[{ Px ® p Y ) o A E ] 

= Kcr[(px (gi py) o xe(E, E) o Ag] 

= Kcr[ X ij(£;/A,£;/y) o fcDfipyjoAj] = Kev[(p x n E PY) oA E ], 

where A E : E — ► EO E E denotes the canonical isomorphism. In particular we have the following 
exact sequence: 



(3) 



0- 



X A E Y 



E iPxDEPY)0A : E E/XD E E/Y 



Definition 2.10. Let M. be an abelian monoidal category. Let if — i E '■ F ^ E 



1 l A 



and i E 



: B E be monomorphisms which arc coalgebra homomorphisms. 



Consider in M the following commutative diagram with exact rows and columns 

FA E B 

'fa p a 

F A E A F A E B 



'fa e b 



Id 



-+E- 



E n B 



Id 



En B 
F U Ea 



(pfO e pa)oA e (p f OePb)oA e 
\ \ 

§a E i B/A E E §u E p B ,A e e 



f n & 



Fr~\ F 
F U Eb 



In this particular case, we denote the connecting homomorphism by 

V (F, B, A) = V E (F, B, A) : F A E B 



E B 

f Ue T 



B 



^0 
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Note that, by Proposition IA.2I the morphism r)(F, B, A) is uniquely defined by the following 
relation: 



(4) 



E 

(p a EiB/A) °v{ F ,B,A) = {pfOePa) ° A B o if AjDB . 



By the Snake Lemma we get the following exact sequence: 
(5) 



.FA E B 
l FA p A 

^FA E A >- F A E B ■ 



n(F,B,A) j-7 j-> 

■ f De! Cokex[(p F n EPA ) o A E }. 



Observe that, if A = 0, then p A = Id F , so that 

(pfDepa) °Ae = (p F D E E) oA £ = P e /f°Pf 

is an epimorphism and 

F A E A — Ker[{p F EPA ) o A E ] = Ker(p r E/F o p F ) = Ker(p F ) = F, 
that is we have the following exact sequence: 



(G) 



F ■ 



■ F Ae B ■ 



V(F,B,0) 



',U E B ^0. 



Proposition 2.11. Let M be an abelian monoidal category. Let i F = if '■ F <—* E, : A <— > B 
and is = if ■ B ^ E be monomorphisms which are coalgebra homomorphisms. 
Then we have 



(7) 



,E_ i 



FA E B 



(-D E ^—) o r,(F, B, A) = ( PF o *£ AeB D^ a - s ) o A f 



F A 
Proof. By we have 



a e b- 



(^n E l -^)orj(F,B,A) = (pfD B pf)oA £ ozf ABB . 



Thus we obtain 



,E„ i 



{ ^U E -^f-) o (j.n E ^-) o V (F, B, A) 

p -E -FA E B 

i§OE^o l -^-)o V (F,B,A) 
(ln E ^)o V (F,B,A) 

tp§n E pi)oA E aif AEB 

(pf iFA E B a EPA IfAeb) ° A FA E B 



,E„ i 



FA E B 
B 



(pf ° if a e b^e 



'Fa e B _ FA E B\ _ 7T 



.4 



r a e d\ a 

Pa ) ° FAi 



?E 'fa e B i / E -E i-| FA E B\ -7T 
(~ D e — f—) (PF °lFA E B a EP A )oA f 



y F A 

i E 

Now, since %D E fa e b [ s a monomorphism, we conclude 



A E B- 



□ 



Proposition 2.12. Let AA be an abelian monoidal category. Consider the following commutative 
diagrams in M.: 



AS 



AS- 



■B X <- 

b 

■B 2 <~ 



; E 2 



E! F^ 
f 

E 2 F 2 (- 



Ei 



E 2 
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where the morphisms are coalgebra homomorphisms. Then the following diagram 



Fi A El B x 

fA e b 



_ E\ i I _ Bi 



is commutative. 
Proof. We have: 



■^□ B2 ^)o^(F 2 ,B 2 ,A 2 )o(/A e 6) 

-T2 A 2 

J> E F 2 U E2 p E A D o A J o i^ ABaBa o (/ Ae 6) 

J) F2 2 n E2 p^) o A E2 o e o « FiAeiBi 
-Bo 1—1 E 2 \ ~~\ E 2 -Ex 

p F l o eD E2 p A 2 2 o e) o A Bl o i F l AEiBl 
^^□ E2 £o^)oAJo^ Aei 

^□ S2 ^)o(^n S2 ^)oA^o^ AEi 



Si 



Bi 



- f u E2 - a ) o (p^n^) o (ftu e Ei) o a£ o i^ AEiBi 



„'Bi 



)n a l)o,|n«|,o ( |n a f)o,- W , Bl ,A I ) 

£□.£0^)0^(^,5!,^) 

J a Ax 
/ ^2 a 

^n E ;%o { p e b )o^(Fx,Bx,Ax). 



F 2 A 2 fa 
Since ^■□b 2 ^ 2 l is a monomorphism, we finally obtain: 



V E2 (F 2 ,B 2 ,A 2 ) o(fA e b) = £n e -)or 1 E i(F 1 ,B 1 ,A 1 ). 

J a 



□ 

- . . . . . . 1 1 1 t w no 1 a 11 * 1 1 ti v</u 1 !/ . lj i / / / 1 1 ■ . F c — » _Zi/ 7 2^ : A c — ► 

and i E = i E : B ^ E be monomorphisms which are coalgebra homomorphisms. Then the following 
diagram 



Proposition 2.13. Let A4 be an abelian monoidal category. Let ip — if, : 



(8) 



FAB 



n(F,B,a) 




V{F,B,A 
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is commutative. Furthermore, if the morphism Ej FOePa ■ M. — * Ai is an epimorphism we get 



the following exact sequence: 



.PA) 



, . l FA F A n(F,B,A) D 

(9) ^FA E A >■ F Ae B VK ' > fD E | 0. 

Proof. We apply Proposition 12 . 1 21 in the case when 

E X =E 2 = E, F 1 =F 2 = F, Bi = B 2 = B, A x = 0, A 2 = A 

e = IcIe, a — 0, / = Id F , 6 = Ids- 

If the morphism E / FO ePa i s an epimorphism, then n{F, B, A) is an epimorphism as a composition 
of epimorphisms. Thus, in view of we obtain JJJJ. □ 

Lemma 2.14. Let ip : F — > F cme? is '■ B ^ E be monomorphisms which are coalgebra homomor- 
phisms in an abelian monoidal category Ai. Let 

it x ^ , fF/\ E B\ F Ap B 
(L,p) := Coker{i B ) = — - — . 

Then there is a unique morphism F pl ■ L — > F <E> £ sucft i/ia< 

B PL = {i F ®L)o F p L . 

Moreover (L, F pl) is a left F-comodule and f ~p~l ■ L — > FOpL is a morphism of left E-comodules. 
Proof. Tensorize the following exact sequence 

^ F ^F^-^0 
F 



by L to get the exact sequence 

(10) 0—^F®L E®L 



We have 



(E/F ® i E L ,B ) o (p F ®L)o E PL op 
(E/F $ if /B ) o (pp 0£)o(£®p)o B p FAi 



J ° u°F l^J o IX) o pp AE B 
= (PF®V °P)° PFAeB 

= (pf ® *f /S o p) o [i| AjjB (F A £ £)] o A FAbB 

= (PF o «f Ai5B ®PB o«f Ai5B ) °Afa b B 

= (pf ® Pb) ° A B o if AeB = 0. 

As E/F Cg> if is a monomorphism and p is an epimorphism, we obtain {pp ® L) o = 0. Since, 
bv 1101 we have 

(F <g) L,i F <E) L) = Ker (p F ® L), 

there exists a unique morphisms F pl '■ L — > F ® L such that = (i F ® i) o f pl- Moreover, 
by Lemma |2~%1 {L F p L ) is a left F-comodule and F /5l : L — > FD F L is a morphism of left F- 
comodules. □ 

Lemma 2.15. Let a : F — » ^4 6e a homomorphism and let i E : A — > F 6e a monomorphism 
which is a coalgebra homomorphism in an abelian monoidal category Ai. Let (W, A pw) be a left 
A-comodule. For a morphism F pw '■ W — ► F (g> W the following statement are equivalent. 

(1) A pw = (a®W)o F p w . 

(2) E p w = (iA a ®W)o F p w , where E p w = (if ® W) o A Pw . 
Proof. (1) =>■ (2) is trivial. 

(2) (1) Wc have that (if <8> W) o A p w = E p w = {i E [a®W)o F p w = {if <S> W) o (a <S> W) o F Pw . 
Since if £g> W is a monomorphism, we have A pw = (a <g> W) o F pw- □ 
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Proposition 2.16. Let a : F — > A be a coalgebra homomorphism, let i B : B — » A and i E : 
A —t E be monomorphisms which are coalgebra homomorphisms in an abelian monoidal category 
A4. Assume there is a homomorphism tt : A —> F such that ira — Idp- Assume that there 
exists a morphism F Pa/b '■ A/B — > F ® A/B such that E Pa/b = (*A a ® A/B) o F pa/B: where 
E Pa/b = {ii®A/B)o A p A/B . 
Then we have 

F Pa/b = (tt®A/B)o a Pa/b . 
Furthermore F Pa/b * s uniquely defined by the following relation 

F Pa/b o P ^^(tt® p%) o A A 

and we have 

(A®pg) oA A = (air ®p B ) oA A . 
Proof. By Lemma \'2 . 1 51 one has Pa/b — ( a ® A/B) o F Pa/Bi so that we have 

F Pa/b = (tt ® A/5) o (a ® A/B) o F p A/B =(tt ® A/B) o Vt/B- 
Furthermore we get: 

F Pa/b o P a = (tt® A/B) o A /? A/B o p A = (tt ® A/B) o (A ® p£) o A A = (tt ® p£) o A A . 
Finally we obtain: 

(a7r®ps) oA A = (a«)A/B)o(7r(g)pB) oA A 
= (a ® A/ B) o F pa/b°Pb 
= A Pa/b ° Pi = {A®pi)oA A . 

□ 

Corollary 2.17. Le£ : B — > B and is ■ B — » B &e monomorphisms which are coalgebra 
homomorphisms in an abelian monoidal category M. . Let 

it \ n i cFs B B\ F Ae B 
(L,p) := Coker(i B ) = — - — . 

Assume that tt : F Ae B — > F is a morphism such that tt o ip AEB = IcIf- Then the morphism 
F PL '■ L — » F ® L defined in Lemma \2.14\ is uniquely defined by the following relation 

F FA E B i „ FA E B\ a 

(11) Pl°P b = {~K®p B )oA FAeB 

(which means that p b AeB is a morphism of left F-comodules whenever tt is a coalgebra homomor- 
phism) and we have: 

(12) [(F A E B) ® P FAeB ] o A FAbB = (i FA * B TT ® P FAeB ) ° A FAbB . 
Proof. Since, by Lemma 12.141 one has 

E p L = {i F ® L) o F PL = (i f AeB o i FAeB ® L) o F p L 
so that, we can apply Proposition 12 . 161 in the case when A = F Ae B,B = B,E = E,F = F,a = 

:FA E B -e _ -E i-i 
'F ' 'A ~ F AeB' u 



2.18. Let a : B — > A be a coalgebra homomorphism and let i E : A — > B be a monomorphism which 
is a coalgebra homomorphism in an abelian monoidal category A4. Let (L,p) — Coker(a). Since 
F and A are left B-comodules via i E a and i E respectively, so is L. Its left B-comodule structure 
is uniquely defined by a morphism E p^ : L — > E ® L such that 

E p L °P={E®p)o E p A = [if ®p)oA A . 

We also point out that, since F and A are left A-comodules via a and Id^ respectively, so is L. Its 
left A-comodule structure is uniquely defined by a morphism A pl '■ L — > A® L such that 

A p L op = (A®p) o A PA = (A®p) oA A - 
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Assume that there exists a morphism 



F 'p L : L -> F ® L 



such that E pl = (iji a ® ^) ° F Pz (this happens, for example, in the case A = F Ae F and 
a — i FAB ). Then, by Lemma \2. 81 {L F pi) is a left F-comodule. Hence one can endow L with a 
left A-comodule structure via A p' L = (a® L) o F pl- One has 



In fact we have 



(if ® L) o A p' L o p = {i F {a®L)o F p L op 

= E pL°P={iA®P)°^A 

= (i E ®L)o(A®p)oA A = (i E ®L)o A p L op. 

Since if ® L is a monomorphism and p is an epimorphism, we conclude. 
Assume there is a homomorphism ir : A —> F such that 7ra = Id^. Then we have 

(F ® p) o (7T ® A) o Ayi oa = (7r®p)o(a®a)oAi? = 0. 

Since (L,p) = Coker(a), there exists a morphism F p'/ : L — » F ® L such that 

F Pl o P = (tt (g) p) o 

(when 7T is a coalgebra morphism, defines the left F-comodule structure that L has via it). 
By Lemma 12.161 we have that F pl is uniquely defined by the following relation 

F Pl ° P — (tt ® p) o Ayl. 

Therefore 

F // F 

Pl = Pl- 
Proposition 2.19. Lei a : F — > A &e a coalgebra homomorphism and let i E : A ^ E be a 
monomorphism which is a coalgebra homomorphism in an abelian monoidal category A4 . For any 
left F-comodule (W F pw), let 

A pw = (a ® W) F pw, E pw = (iA a ® W ) F Pw ■ 
Let f : W\ — > W2 &e a morphism of left F-comodules. Then 

(i B A U F f) o A p Wi = E p W2 of. 

Proof. We have 

E Pw 2 o / = (if a ® W 2 ) o F PVV2 o / = (*f a ® W 2 ) o (F ® /) o = (if ® /) o A PWl , 
so that 

xf(£,^ 2 )o £ pv 2 0/ 

E r 
= PW-2 ° / 

= (if ® /) ° - (if ® /) ° Xf(A, Wi) o A p Wi = XF (E, W a ) ° (if n F f) o 
Since xf{E, W2) is a monomorphism, we conclude. □ 
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3. Main results 
We now recall some definitions and results established in AMS1 . 
3.1. Let X be an object in an abelian monoidal category (Ai, ®, 1). Set 

X ®0 = x X ®1 = x and x ®n = x ®n-l g for every n > 1 

and for every morphism / : X — > Y in A4, set 

/®° = Id!, Z® 1 = / and f m = J®"" 1 <g> /, for every n > 1. 

Let (C, Ac?, ec) be a coalgebra in M. and for every n € N, define the n th iterated comultiplication 
of C, A c : C -> C®" +1 , by 

A° c = Id c , Ac- = A c and A c = (A®,™" 1 ® C) A c , for every n > 1. 

Let (5 : I? — > E 1 be a monomorphism which is a homomorphism of coalgebras in M.. Denote by (L,p) 
the cokernel of 5 in . Regard D as a _E-bicomodule via 5 and observe that L is a E'-bicomodule 
and p is a morphism of bicomodules. Let 

(D A *,5 n ) := kerfr®^- 1 ) 

for any n £ N \ {0}. Note that (D Ae , £i) = (D, <5) and (D a e, £ 2 ) = D A E D. 
In order to simplify the notations we set (D Ae , Sq) = (0, 0). 

Now, since M. has left exact tensor functors and since p® n A^T is a morphism of _E-bicomodules (as 
a composition of morphisms of iJ-bicomodules) , we get that D Ae is a coalgebra and <J n : D Ae — > £7 
is a coalgebra homomorphism for any n > and hence for any n G N. 

Proposition 3.2. AMSl, Proposition 1.10]Let S : D — > £7 &e a monomorphism which is a mor- 
phism of coalgebras in an abelian monoidal category M. . Then for any i < j inN there is a ( unique ) 
morphism £f : D Ae — * D Ae such that 

(13) 6 j %=8 i . 

Moreover £f is a coalgebra homomorphism and ((D AE )i e f$, (^)ijgn) is a direct system in M. whose 
direct limit, if it exists, carries a natural coalgebra structure that makes it the direct limit of 
((D AE )i g N, (£i )i,j'epj) as a direct system of coalgebras. 

Notation 3.3. Let S : D — > E be a morphism of coalgebras in an abelian monoidal category M. 
cocomplete and with left exact tensor functors . By Provosition \3.2\ ( (D AE )^m. (£f )i,j£n) is a direct 
system in A4 whose direct limit carries a natural coalgebra structure that makes it the direct limit 
of ((D AE )jgN, (^)ijgN) as a direct system of coalgebras. 

From now on we set: (De, (£i)ieN) = lim(D B )jgN ; where : D Ae — > De denotes the structural 
morphism of the direct limit. We simply write D if there is no danger of confusion. We note 
that, since D is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms (Si : D Ae — > 
E)i£m, which are compatible by factorize to a unique coalgebra homomorphism S : D — > E 

such that = Si for any i£N. 

3.4. Let (C, A, e) be a coalgebra in a cocomplete abelian monoidal category M. and let (M, p r M , p l M ) 
be a C-bicomodule. Set 

M aa = C, M ai = M and M Un = M Dn ^ 1 DM for any n > 1 

and define (C n (M)) ne ® by 

C°(M) = 0, C^M) = C and C n (M) = C n ~ l (M) ® Af "" 1 for any n > 1. 

Let a\ +l : C l (M) — > C l+1 (M) be the canonical inclusion and for any j > i, define: 
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Then ((C l (M))ieN, (o~i)i,je$() is a direct system in M. We set 

T C'( M ) = £N M °" = C®M® M D2 © M D3 © • • • 
and we denote by cr^ : C l (M) — > Tq(M) the canonical inclusion. 
Throughout let 

tt™ : C"(M) -» C7 m (Af) (to < n), n n : T C C {M) - C"(M), 
p™ : C n (M) -» Af Dm (to < n), p„ : T£(M) -► Af D ", 

be the canonical projections and let 

o£ : C m (M) -► C"(M) (to < n), «r„ : C n (M) -» Tg(M), 
C : Af Dm C n (Af) (to < n), i m : M Dm T£(M), 

be the canonical injection for any to, n G N. 

For technical reasons we set 7r™ = 0, <r^ = for any n < to and p™ = 0, ij^ = for any n < to. 
Then, we have the following relations: 

PnCTk=Pki Pnik — <$n,fcId M rjfc, TT n ik—ik- 

Moreover, we have: 



TT rn n n 
n n "k 


= a™, if fc < TO < n, 


and 






, if to < fc < n 


Pn n k 


= p™, if to < n < fc, 


and 






if A: < n < to, 


rn n 
Pn a k 


= p™, if to < fc < n, 


and 


« = 


-m 


if A: < to < n, 


P T r>n 


= pm, if m < rc, 


and 






if to < n, 




= <r£, if fc < n, 


and 






if n < fc, 


m -n 


= Id M p TO , if m < n. 











In the other cases, these compositions are zero. 

Let (C, A, e) be a coalgebra in a cocomplete abelian monoidal category A4 with left exact tensor 
functors and let (M, p r M , p l M ) be a C-bicomodule. Then (T£(M), (o" n )neN) = UmC'(M). 

Theorem 3.5. |AMS1I Theorem 2.9]Let (C, A,e) 6e a coalgebra in a cocomplete abelian monoidal 
category Ai and let (M, p r M , p l M ) be a C-bicomodule. (Tq(M), (ci)i^) carries a natural coalgebra 
structure that makes it the direct limit of ((C l (Af))j£Fj, (of )»jen) as a direct system of coalgebras. 

Theorem 3.6. |AMS1I Theorem 2.13] Let (C, A, e) be a coalgebra in a cocomplete abelian monoidal 
category M. and let (M, p r M , p l M ) be a C-bicomodule. Let 5 : D — > E be a monomorphism which 
is a morphism of coalgebras such that the canonical morphism S : D — > E of Notation Iff. 51 is 
a monomorphism. Let fc '■ D — > C be a coalgebra homomorphism and let /m : D —> M be a 
morphism of C -bicomodules such that /m£i = 0, where D is a C-bicomodule via fc- Then there is 
a unique morphism /:£)—> Tq(M) such that 

/£« = o- n f n , for any n G N, 

where 

(14) /^EL^A^n 

and Aj5 : D — > £) D ™+ 1 is i/ie n*' 1 iteration of~K b (A- 1 = / c , Ag = Jd 5 , A~£ = A 5 : 5 -> DQD). 
Moreover: 

i j / is a coalgebra homomorphism; 

Pof = fc an d Pif = /mj where p n : T^(A1) — > M a ™ denotes the canonical projection. 
Furthermore, any coalgebra homomorphism /:£)—> Tq(M) that fulfils 2) satisfies the following 
relation: 

(15) p fc / = /S fe S~ _1 /or any G N. 
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Theorem 3.7. AM KB Theorem 2.15] Let (C,A,e) be a coalgebra in a cocomplete and complete 
abelian monoidal category M. satisfying AB5. Let (M,p r M ,p l M ) be a C -bicomodule. Let S : D — > E 
be a monomorphism which is a homomorphism of coalgebras. Let fc : D — > C be a coalgebra 
homomorphism and let /m : D —>■ M be a morphism of C -bicomodules such that /m£i = 0, where 
D is a bicomodule via fc- Then there is a unique coalgebra homomorphism /:£)—> T C (M) such 
that pof — fc an d Pif — fhi, where p n : T C (M) — > M Un denotes the canonical projection. 




D 



3.8. Let Ad be an abelian category and let H be a class of monomorphisms in Ai. We recall 
that an object J in M. is called injective rel A, where A : X — > Y is a monomorphism in 7i, if 
A4(X,I) : A4(Y, I) — > A4(X,I) is surjective. / is called H-injective if it is injective rel A for every 
A in H. The closure of 7i is the class C(Tt) containing all monomorphisms A in M. such that every 
H-injective object is also injective rel A. The class TL is called closed if Ti is C(H). A closed class 
TL is called injective if for any object M in M. there is an monomorphism A : M — *■ I in TC such 
that / is H-injective. 

3.9. We fix a coalgebra C in a monoidal category M. Let U : C M C — ► M be the forgetful functor. 
Then 

(16) J := {/ G C M C | U(/) cosplits in M}. 

is an injective class of monomorphisms. 

Now, for any C-bicomodule M e C M° , we define the Hochschild cohomology of C with coefficients 
in M by: 

H* (M, C) = ExtJ(A/,C), 

where Extj(Af, — ) are the relative left derived functors of C A4 C (M, — ). The notion of Hochschild 
cohomology for algebras and coalgebras in monoidal categories has been deeply investigated in 
AMS2j. Here we quote some results that will be needed afterwards. 

Theorem 3.10. |AMS2I Theorem 4.22] Let (D, A, e) be a coalgebra in an abelian monoidal cate- 
gory A4 . Then the following conditions are equivalent: 

(a) D is formally smooth (i.e. H 2 (M, D) = 0,. for any M G D M D .). 

(b) The canonical morphism £i : D — > De has a coalgebra homomorphism retraction, whenever: 

• E is a coalgebra endowed with a coalgebra homomorphism S : D — > E: 

• S is a monomorphism; 

• De exists; 

• for any r eN, the canonical injection : D r — > D r+1 cosplits in KA. 

Theorem 3.11. AMSl, Theorem 4.15] Let (C, A,e) be a formally smooth coalgebra in a cocom- 
plete and complete abelian monoidal category M. satisfying AB5, with left and right exact tensor 
functors. Assume that denumerable coproducts commute with (g>. Let (M,p r M ,p l M ) be a I-injective 
C-bicomodule. Then the cotensor coalgebra T G (M) is formally smooth. 

From now on we will use the following notation 

D n ._ £) A B n j for every n £ N 

Lemma 3.12. Let S : D — * E be a monomorphism which is a morphism of coalgebras in an abelian 
monoidal category M. and assume that for any r € N, the canonical injection : D r — » D r+1 
cosplits in Ai i.e. there exists AJ! +1 : D r+1 — > D r such that AJ! +1 o = Id^r. Then, for any 

reN, the canonical injection ^ r : D r — > D cosplits in KA. 
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Proof. For every i G N let us define Aj : D l — ► _D r by setting 

Aj = A£ +1 o • • • o A^ _1 , if i > r 

A r = Id-Dr 

X t = % if i < r. 

Let us prove that (Aj : D l — > _D r ) i£ N is a compatible family of morphisms in M i.e. that Aj+i o 
If i + 1 < r, we have 

A 4+1 oei +i = ^i°ci +1 -er = A 4 . 

If i + 1 = r, we have 

A l+1 o£i +i = id I5 ,o£i +i = £- = A 4 . 

If i + 1 > r, we have 

Ai+i o = A r , i o • • ■ o A 1-1 o A* , i o = A r , i o • • • o A' -1 = Aj. 

Now, since (A^ : D l — > D r ) ie pf is a compatible family of morphisms in .M there exists a morphism 
X:D^D r such that 

A o £ f = Aj, for every igN. 
In particular A o £ r = A r = Idpr. □ 

Theorem 3.13. Let (D,A,e) be a coalgebra in a cocomplete abelian monoidal category M and 
let (M, p r M , p l M ) be a D-bicomodule. Let S : D — > E be a monomorphism which is a morphism of 
coalgebras in M. Let M := E/DDeD ~ D 2 /D. Assume that 

i) D is a formally smooth coalgebra in M. 

ii) M is X-injective where X := {/ G D Ji4 D \ f cosplits in A4}. 

Hi) For any r G N, the canonical injection : D r — ► D r+1 cosplits in M. 
Then there is a coalgebra homomorphism fo'-D^D such that 

fo ° i\ = Ids 

and a D-bicomodule homomorphism fu ■ D — > M smc/i i/iai 

/m°6 = »7(AA0). 

Moreover there is a unique morphism /:£)—> T^(M) such that 

(17) /£„ = ct„/„, /or any n G N, 
wftere 

f -V™ 7™ f DD * A~"V 

ylfeo: 

1) f is a coalgebra homomorphism; 

2) pof = fn and pif = fu, where p n : T|j(M) — > M D ™ denotes the canonical projection. 
Furthermore, any coalgebra homomorphism f : D — > T^(M) that fulfils 2) satisfies the following 
relation: 

(18) p fc / = /S fe A~ _1 /or any fc G N. 
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Proof. By Theorem 13.101 the morphism £1 : D — > D has a retraction fp : D —> D which is a 
coalgebra homomorphism: o£i = Idrj. Thus I? becomes a Z?-bicomodule via fjj. Now we point 
out that £2 G In fact by Lemma [3.121 £■> cosplits in M.. Moreover, D 2 is a D-bicomodule via 
fa and £2 a morphism of D-bicomodules. As explained in l|2.18[) (M, rj(D, D, 0)) = Coker(£^) is a 
Z?-bicomodule and r/(D, D, 0) is a morphism of Z?-bicomodules. Since ^ £l and M is I-injective, 
there exists a Z?-bicomodule homomorphism ]m : D — > M such that 

/ M °6 = »7(AA0). 

Finally /m £1 — /a/ £2 £1 = v(D,D,0) o £ 2 = 0, so that, by Theorem 13.61 there exists a 
coalgebra homomorphism /:£)—> T^(M) which fulfills the required conditions. □ 
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Definition 3.14. Keep the hypothesis and notations of Theorem 13. 131 Then we have: 

rOnn ^T"- 1 ,- p /- 1171 , „ , „ 

hi oA D S« = Pn°f° ?n = Pn ° 0"„ o /„ = p„ o /„ = 0. 

Therefore, given any A: > 0, we have 

/M ° A _D ° ° £„ = f M ° A£, O 6» = 0. 

Since [E/D n D E D k , n(D n , D k , 0)] = Coker(£" +fc ), there exists a unique morphism 

$(£>", D fc ,0) : E/D n D E D k -> (E/DU E D) UDn 

such that 

(19) £ fc , 0) o ,?(£>«, 0) - / A n />" o A o £ n+fe . 

Note that, since n(D n ,D k ,0), f^ Dn o A 5 o and £'i l+fc are morphisms of D-bicomodules, so 
is $(D n ,D k ,0). 
Moreover observe that 

$(£>, D, 0) o ,,(£>, D, 0) = o A~ o £ 2 = /m o 6 = »7(X), A 0). 

Since n(D,D,0) is an epimorphism we get 

(20) HD,D,0) =ld E/DDED . 

The proof of the following theorem requires some technicalities that, for an easier reeding, were 
included in Appendix iBl 

Theorem 3.15. Let Ai be a cocomplete abelian monoidal category. Keep the hypothesis and no- 
tations of Theorem \H.l°A Then $(D n ,D,0) is a monomorphism for any n£N. Moreover, if we 
assume that the morphism E / D n O E pf, is an epimorphism for every n G N, we get that $(£)", D, 0) 
is an isomorphism for any n G N. 

Proof. By Theorem IB. 81 we have (ITit : 

D, 0) = [$(D"- X , D, Q)Ud{E/DU e D)] o [E/D^Db^e/dd^d] o (7„D^). 

We point out that, by Proposition the morphism D p E /Dn E D -E/DD E D -> DU D (E / DU E D) 
is always an isomorphism. 

As explained in Definition IB . 61 the morphism j n : E/D n — > E / D n ~ 1 D E E/ D defined by relation 

7„ opf „ = (p^„-iDePp) o A e . 

is always a monomorphism. By Proposition IB. 91 (p^n-iE^p^) o A s is an epimorphism whenever 
E / D n ~ 1 n E pf ) is an epimorphism. In this case 7„ is an epimorphism too and hence it is an 
isomorphism. Since $(Z?,Z3,0) = Id E /dOeD^ by induction, we conclude. □ 

Theorem 3.16. Let (D, A, e) be a coalgebra in a cocomplete abelian monoidal category Ai satisfying 
AB5. Let 6 : D — > E be a monomorphism which is a morphism of coalgebras in Ai. 
Let M := E/DD E D ~ D 2 /D. Assume that 

1) D is a formally smooth coalgebra in Ai. 

2) M is I-injective where T := {/ G D Ai D \ f cosplits in At}. 

3) For any r G N, the canonical injection : D r — > D r+1 cosplits in Ai. 
Let 

f:D^T c D {M) 

be the unique morphism, constructed in Theorem \H.l'A such that 

fin = <T n fn, for any n G N, 

where 

f -V™ i n / nDt A~ _1 f 
XTien f is a monomorphism in Ai. Moreover, if we assume that 
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4) the morphism E / D n D E pf) is an epimorphism for every n 6 N, 
then f is an isomorphism and, with the further assumptions that 

5) M. is complete with right exact tensor functors; 

6) denumerable coproducts commute with ®; 
then D is a formally smooth coalgebra in M. 

Proof. Since M. fulfills AB5 condition, it is enough to prove that /„ is a monomorphism (resp. 
isomorphism) for any n > 0. We proceed by induction on n > 0. 

For n = 0, since ig = 0, we have /„ = f = ig/j^Sg^o = 0. As f : D° = -> C°(M) = 0, 



we get that fo is an isomorphism. 
For n = 1 we have f n = f\ 



i\ o ld D 



,•1 f D-DO/rr 1 ^ -j- i^P^T^f:, 
l QJM si + *i/a/ A n?i 



■i f n £ )07r- 1 f 



Idc, as i{ = 0. Thus f\ is an isomorphism. 



Let n > 1. Assume that / n _i is a monomorphism (resp. isomorphism) and let us prove that f n is 
a monomorphism (resp. isomorphism) too. 
We have 



SOD"" 1 , D,0)or,(D"-\ AO) ^ /S^oST'ofe 'i 1 
so that the following diagram 

*- D"- 1 - 



Pri-l°/ ?n = Pn-l°0- n °fn 



D r, 



o- 



C n-1 



(M) 



C n {M) 



D 



,0,0) 



M 



□on-1 



commutes and hence $>(D n , D.O) = f ± - 

By Theorem 13. 151 the morphism ^(Z)™" 1 , D, 0) is a monomorphism (resp. an isomorphism if we 
assume also that the morphism E/ D n O E pf ) is an epimorphism for every n e N). Hence, by 
applying 5-Lemma to the diagram above, we get that f n is a monomorphism (resp. isomorphism) 
too. 

We conclude by observing that, if 5) and 6) hold true, by Theorem 13.111 we get that T^(M) is 
formally smooth. □ 

Let £ be a coalgebra in M. and set 

1 E = {/ EM E I / cosplits in M) , 



{/ E E M | / cosplits in M] , 



so that 



X =1 n l h 



Lemma 3.17. Let M. be an abelian monoidal category, let N be an X E -injective right E-comodule 
and let ijf : L — ► M be a morphism in E X. Then NOeP^ 1 * s an epimorphism. 

Proof. Since the tensor products are left exact, the sequence 

- NU E L N V NU E M N V NU E M/L 
is exact. We have to prove that NO E p^ 1S an epimorphism. Since ij? G E I, the sequence 







LAM A M/L -> 



splits in M. and hence the sequence 



O-tNQL"^ N®M N ^ N ® M/L — » 
is exact so that the morphism 

(N (g) E) UePl -{N®E) D e M -> (N ® E) U e M/L 
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is an epimorphism since (N eg) E) OePiJ — N®p^ . Now, as N is anZ^-injective right i?-comodulc, 
the monomorphism 

p N : N -> N ® E 
which belongs to T E , has a retraction (3n £ M E and we have 

(Nn B p%) (p N D E M) = PnOepI 1 = (f3 N E M/L) [(N <8> E) U E pf] . 

Now PnOeM/L is an epimorphism since it has a section p^OgM/ L, and (N ®E)\3eP l i is an 
epimorphism so that we deduce that NOeP^ 1 is an epimorphism. □ 

Lemma 3.18. Let (D,A,e) be a coalgebra in a cocomplete abelian monoidal category M. satisfying 
AB5. Let 8 : D — > E be a monomorphism which is a morphism of coalgebras in M. Then 

£)A E n _ £) A s™ 

for every neR 

Proof. We proceed by induction on n > 1 being the cases n = 0, 1 trivial. Assume that £) Ae " = 
L> A s™. Note that 



ker 

Let us prove that 



= D AEn Ajj D = L> A 5™ A b D = D A 5«+ 1 . 



(D A *" +1 ,£„ +1 ) = ker [(pg AB „ A B . 

Let / : X — > Z? be a morphism such that 

(pgA E „®pg) oA s o/ = 0. 
We have to prove that there exists a unique morphism / : X — » £) a -e«+i sucn that 

Cn+l ° 7 = /■ 

We have 

(PDA E » ° ^EoSof = (pf ) A E n®P D \)o(5®'6)oA 5 of 



(5 5 



Since 

(£> A * n+1 A +1 ) =ker[(pg AE „ o A E ] , 

by the universal property of the kernel, there exists a unique morphism / : X — > Z} A ^ n + 1 such 
that 

<Wi ° / = 5 ° /■ 

Since <5„+i = <5 o £ n +i and since, by AB5, S is a monomorphism, we conclude. □ 

Definitions 3.19. Let C be a coalgebra in an abelian monoidal category M.. We say that a 
quotient M/i of a right C-comodule M is a I c -quotient of M, whenever the canonical injection 
L — > M is in X that is the sequence 

M 

->£-»• Af -► — ->• 

IS -exact. 

A coalgebra C is called (right) hereditary whenever every X-quotient of an X-injective comodule 
is -injective. 

Definition 3.20. A coalgebra C is called coseparable whenever H 1 (M, C) = for every M 6 



The following theorem was proved for the abelian monoidal category of vector spaces in 
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Theorem 3.21. Let D be a coalgebra in a cocomplete abelian monoidal category A4 satisfying AB5. 
Let 6 : D —> E be a monomorphism which is a morphism of coalgebras in A4. Assume that 

1) D is a coseparable coalgebra in M. 

2) For any reN, the canonical injection : D AEr — > L> AbT+1 cosplits in A4 (e.g. A4 is a 
semisimple category). 

3) D is a right hereditary coalgebra in M.. 
Let 

be the unique morphism, constructed in Theorem I H. 1 S\ 

Then f is an isomorphism in M. . Moreover, if we assume that 

4) M. is complete with right exact tensor functors; 

5) denumerable coproducts commute with ®; 
then D is a formally smooth coalgebra in M. 

Proof. First of all let us point out that, by Lemma 13.181 one has 

Set D n = D Ae11 = D A 5™. 

We apply Theorem 13.161 to the case D = D, E = D, 5 = £i. In fact, since D is coseparable, 
it is in particular a formally smooth coalgebra in M. jAMS2l Corollary 4.18]. Moreover every 
Z?-bicomodule and in particular D 2 /D is I-injective |AMS2I Theorem 4.4]. It remains to prove 
that the morphism 

D 5 D n ® 

~J^ n DPD : J^ D b D ~* ~]J™ ~D 

is an epimorphism. Since, by Lemma 13.121 the canonical injection : D" — > D cosplits in M. for 
every n £ N, we get that is an J D -quotient of D. Since, by assumption, D is a right hereditary, 
then is Z^-injective for every n 6 N. Now, i£ = £i : D — > D has a retraction fu ■ D — + D in 
M and hence G D T. By Lemma f3. 171 we conclude. □ 

Theorem 3.22. Let (C, A,e) be a formally smooth coalgebra in an abelian monoidal category M. 
Then C is a right hereditary coalgebra. 

Proof. Let M 6 M c and (UiC,n) = Coker(A). Let us consider the following exact sequence in 
c M c. 

O^C Ac®C^cJiC^0. 
Clearly rc (C <B> e) £ C A4 is a retraction of A so that the sequence above splits in c M. and hence 

M 

is an exact sequence in M. . Since MDc-C = M, we get the exact sequence 



MU C C M ^ A MU C C ® C MDcOrC 



M — *■ M ® C — — M DcUiC »- 

in .M . Since C is formally smooth, by [AMS2I Corollary 4.21 ], 15\C is X-injective, so that , by 
|Arl Theorem 2.3], there is a morphism of C-bicomodules j : 15\C — > C ® X ® C that cosplits in 
C M C . Thus 

MD c j : M\J c l5iC -> MD C C ®X®C^M®X®C 

is a morphism in A^ c that cosplits in M c . Therefore, by |Arl Theorem 2.3], M\3cl5\C is T c - 
injective and hence the previous sequence is an I -injective resolution of length 1. Since this is 
true for every M £ M c ', we conclude that ExtJ c (M, N) = 0, for every M,N G M c ,n > 2 i.e. 
that C is a right hereditary coalgebra. □ 
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Theorem 3.23. Let D be a coalgebra in a cocomplete and complete abelian monoidal category M. 
satisfying AB5. 

Let 5 : D — » E be a monomorphism which is a morphism of coalgebras in M.. 
Assume that 

1) D is a coseparable coalgebra in A4. 

2) For every rfN, the canonical injection : D AeT — > D AEr+1 cosplits in M (e.g. M. is 
a semisimple category). 

3) A4 has right exact tensor functors. 

4) D enumerable coproducts commute with <S>- 

Then the following assertions are equivalent. 

(i) D is a formally smooth coalgebra. 

(ii) D is a right hereditary coalgebra. 
(ii') D is a left hereditary coalgebra. 
(ill) D ~ T£,(^lD) as coalgebras. 

(iv) D ~ Tf)(N) as coalgebras, for some D-bicomodule N . 

Proof, (i) =>• (ii) follows by Theorem 13. 221 
(ii) (Hi) follows by Theorem 13. 2 II 
(Hi) =>■ (iv) is trivial. 

(iv) (i). Since D is coseparable, it is in particular formally smooth as a coalgebra in M. [XMS2 
Corollary 4.18]. Moreover every Z?-bicomodule and in particular N is Z-injective (see [EVIS2 
Theorem 4.4]). We conclude by applying Theorem 13. Ill □ 

Corollary 3.24. JLMS Let K be a vector space. Let E be a K-coalgebra with coseparable 
coradical D. Then the following assertions are equivalent. 

(i) E is a formally smooth coalgebra. 

(ii) E is a right hereditary coalgebra. 
(ii') E is a left hereditary coalgebra. 
(Hi) E ~ T^(^ff^) as coalgebras. 

(iv) E ~ Tp(N) as coalgebras, for some D-bicomodule N. 

Proof. Since D is the coradical of E is well known that E = D (see e.g. |Swl Corollary 9.0.4, 
page 185]). The conclusion follows by Theorem 13.231 applied in the case when M. is the category 
of vector spaces over K. We point out that, since, in this case, Ai is a semisimple category, the 
notions of formally smooth and right hereditary coalgebras reduce to the classical ones. □ 

Examples 3.25. We now provide a number of examples of abelian monoidal categories for which 
our results apply. These categories are all Grothendieck categories and hence cocomplete and 
complete abelian categories satisfying AB5. 

Let B be a bialgebra over a field K. 

• The category ^971 = (sSEJt, (8>k, K), of all left modules over B. The tensor V ® W of two left 
B-modules is an object in ^971 via the diagonal action; the unit is K regarded as a left _B-module 
via £b ■ 

• The category bOJIb = (b^b, ®k, K), of all two-sided modules over B. The tensor V <8> W of 
two -B-bimodules carries, on both sides, the diagonal action; the unit is K regarded as a i?-bimodule 
via £ b ■ 

• The category B Wl = ( B Tl, ®k, K), of all left comodules over B. The tensor product V ® W 
of two left B-comodules is an object in B 9Jl via the diagonal coaction; the unit is K regarded as a 
left -B-comodule via the map k i— ► 1b k. 

• The category B Tl B = ( B 9Jl B , (E>k, K) of all two-sided comodules over B. The tensor V ® W 
of two B-bicomodules carries, on both sides, the diagonal coaction; the unit is K regarded as a 
£>-bicomodule via the maps k <— > 1b <8) k and k t— > k ® 1^. 
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• Let H be a Hopf algebra over a field K with bijective antipode. 

The category ^yV = (^yV, ®k, K) of left Yetter-Drinfeld modules over H. Recall that an object 
V in ^yV is a left -ff-module and a left fZ-comodule satisfying, for any h G H,v € V, the 
compatibility condition: 

^2( h (l)V)<-l> h (2) ® (/l(l)«)<0> = ^2 fc (l) W <-l> ® h (2) v <0> 

where Ajj (h) = ^(1) ® /i(2) and p (f) = E w <-i> ® w <o> denote the comultiplication of H and 
the left iJ-comodule structure of V respectively (we used Sweedler notation) . 

The tensor product V ® W of two Yetter-Drinfeld modules is an object in ^yV via the diagonal 
action and the codiagonal coaction; the unit in ^yT> is K regarded as a left £f-comodule via the 
map x i— ► ljy <g> x and as a left 77-module via the counit Eh ■ 

• The category q971 = (q9K, <8>k, if), of all left modules over a quasi-bialgebra Q over a field K 
(see IE! Definition XV. 1.1, page 368]). 



Appendix A. The Snake Lemma 

We collect here some technical results that are used in the paper. Some of them might be found 
in the literature, nevertheless we decided to include them here for the reader's sake. 

First of all, we need to recall some results related to the so called " Snake Lemma" . Thus let M. 
be an abelian category and consider in M. the following commutative diagram with exact rows 



Ker(/ 3 ) 




Coker(A) 

where P — P{a\, k 3 ) denotes the pullback of (a§, k%). We have 

/Sa/afcs' = f 3 a 3 2 k 3 = f 3 k 3 af = 0. 
Since {B\,j3\) = ker(/3f), there exists a unique morphism lo : P — ► B\ such that 



(21) 



[3{uj = f 2 k' 3 . 



Let a\ = ib be the canonical factorization of a\ as the composition of a monomorphism i : 
Im(aj) — ► A 2 and an epimorphism b : A\ — > Im(a^). As a 2 ib = a 2 a\ — and b is an epimorphism, 
we get a' o j = = ^ oO. By the universal property of P, there exists a unique morphism 
£ : lm(al) — > P such that 

(22) fc 3 £ = i and o|'£ = 0. 

It is straightforward to check that (Im(af),£) = ker(a| ). We point out that, since a 2 is an 
epimorphism, also a\ is an epimorphism and hence (ker(/ 3 ), a 2 ) = Coker(£). 
Now, we have: 

f3 2 Mb = f 2 k'^b = f 2 ib = f 2 a\ = I3\h. 
Since f3f is a monomorphism, we deduce that 

uj^b = h 
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and hence ciuj^b = ci/x = 0. As b is an epimorphism, we conclude that ciw£ = 0. By the universal 
property of Coker(£), there exists a unique morphism 57 : ker(/3) — > Coker(/i) such that 



(23) 



ClU). 



The morphism 57 is usually called connecting homomorphism. 

In fact it is easy to prove the existence of morphisms k\ , k 2 , cf , c 2 such that the following diagram 
commutes 




Coker(/ 1 ) •••••■> Coker(/ 2 ) ■■ 

and one has the following well known result. 

Theorem A.l (Snake Lemma). The following sequence is exact: 



Coker(/ 3 



(24) Kerih) tfer(/ 2 ) — 



Cokerih) 



Coker(f 2 



Coker{h) 



Proof. It is easy to check that the proof of |Macl Lemma 5, page 206] works also in this more 
general setting (where a\ is not assumed to be a monomorphism and (3 2 is not necessarily an 
epimorphism) . □ 

Proposition A. 2. Let M be an abelian category and consider in M. the following commutative 
diagram with exact rows 




where P = P(a 2 , k 3 ) denotes the pullback of (a 2 , £3). 

Then the connecting homomorphism to is uniquely defined by the following relation: 



(25) 

Proof. By Ij23(l we have 



77^,3' 



f3 2 1 LJ = f 2 (a 3 2 r 1 k 3 . 
auj = lu. Therefore we have 

ED 



fSfwaf = fjfw ^ f 2 k' 3 = f 2 (al)- l alk' 3 = f 2 (al)^k 3 at 
Since a 2 is an epimorphism, we conclude. Note that, as (3f is a monomorphism, we have that 57 



is the unique morphism satisfying the required relation. 



□ 
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Appendix B. Technical results to prove Theorem 13. 151 

Proposition B.l. Let M. he a cocomplete abelian monoidal category. Then, with the hypothesis 
and notations of Theorem W.l'A the following relations hold true: 

(26) D p B/D a E D ° V{D, D, 0) = [DU D r,(D, D, 0)] o D p D2 = [M 2 n D r,(D, D, 0)] o A D2 . 

(27) [£M 2 n D r){D, D, 0)] o A D2 = [D 2 U D n{D, D, 0)] o A D2 

(28) (E/DU E Q) o V (D, D, 0) - n{D, D n ,0)o C 2 l+1 

(29) [£n D (E/Dn E D)] o d p e/DOeD o ,(D, D, 0) = [D 2 D, 0)] o A D2 

(30) □ ZJ (£?/I>n B ff )] o d p £/Z5DbD o D, 0) = [D 2 n DV (D, D n ,0)o o A D2 

(31) r)(D n -\D 2 , D) = [E/D^Oe^D, D, 0)] o n(D n -\D 2 , 0) 

(32) (^/i?™- 1 ^^ 1 ) o^D"" 1 ,!? 2 ^) = (j> D n-i o5 n+1 a E D n+1 ) o A D „ +1 
Proof. 1) By lfTT|) applied to the case 

F = B = D,E = E and 7r = /^^ 

we get 

from which, by identifying (^,Jjg ) with (E/DO E D, r)(D, D, 0), we obtain 

^ Pe/dDeD o t?(A £>, 0) = [D <8> 17(1), D, 0)] o D to2 

which means that 77(1?, £>, 0) : D 2 — * E/DDeD is a morphism of left D-comodules. Thus we can 
apply Proposition 12 .191 in the case 

Wi = D 2 ,W 2 = E/DDeDJ = r)(D,D,0),A = F = E = D,a = if = Idu, 

in order to obtain 

D Pe/dd e d ° A 0) = [£D^(A D, 0)] o D p D2 
Note that, in view of 12. 161 applied to the case 

F = D, A = D 2 , B = 0, a = £ 2 , tt = f D &, 

we have £> p/)2 = [fr>^2 <8> -D 2 ] A^ so that D p I5 2 = {frj&OrjD 2 } o A £ , 2 and hence we get ffi>jl. 

2) By (|l2*|l . applied to the case 

f = B = D, E = E, n = M 2 , 

we get 

(V®pg 2 ) oA ff = (e 2 /D6®pg 2 )oA D 2 
from which, by identifying (%-,p E ) with [Ej DDeD,t](D, D,0), we obtain 

® »?(A A 0)] o A D2 - [£> 2 ® 77(£>, D, 0)] o A D2 
Therefore, since n(D,D,0) : D 2 — ► E/DDeD is a morphism of left Z3-comodules, one has 

xd(d 2 , e/dUeD) o A 0)] o a d2 

= Ki 2 /d6 ® tj(A £>, 0)] o XD (£> 2 , £> 2 ) o a d2 
= [e?/D6®Tj(AA0)]oA Da 

= [L> 2 ®»;(D,D,0)] o A D 2 

= X d{d 2 ,e/du e d) o [bU^AAO)]"^. 
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Since \d{D 2 , E/ DD E D) is a monomorphism we obtain 1|27|) . 
3) By applying Proposition 12. 121 in the case 

Ex = E 2 = E, F 1 =F 2 = B 1 = D, B 2 = D n , A x = A 2 = 0, e = Id £ , / = M D , b = g, a = 0, 



we obtain $2$ . 
4) We have 
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G3 



[^□^ (£/£□££)] o d p e/DOeD o v (d, d, o) 

[D 2 Ddt](D 1 D, 0)] o A D 2 . 



Hence we get (|29ll . 

5) We have 

[&n D (E/Dn B &)] o d p e/DOeD o n(D, d, o) 

= [^D^ADD^)] o [^□ D ( £ ;/Dn B £>)] o d p e/DOeD o ^(D, £>, 0) 
IP [D 2 D Z5 (£/.Dn £ £r)] o [I? 2 D D r;(I?, D, 0)] o A fl2 

= [£> 2 n £) (£;/Dn B ^) ° r?(A A o)] ° A D2 

*P p 2 Dn 1) (D,D" I 0)o^ 1 ]oA fl2 
Hence we obtain (|3(jp. 

6) By applying Proposition 12 . 131 in the case 

E = E, F = D n -\B = D 2 ,A = D, 

we obtain l3*Tl 

^(D"^ 1 , D 2 , D) = [S/^-^bjjCU, A 0)] o v (D n -\D 2 , 0) 

7) By applying J7J in the case 

E = E,F = D n -\ B = D 2 ,A = 0, i f b AeB = C 2 + \ if AfiS = -W, = *W 
we obtain 123 



□ 



Proposition B.2. Let M. be an abelian monoidal category. Then we have: 
(33) [(E/D n - 1 nB&)n D (E/Dn B &)]o<p(D n - 1 ,lP,D) = [n(D n ~\D 2 ,0)a DV (D,D n ,0)]oA Dn+1 
where 



(34) 



<p(D n ,D ,D) := {E/D n - l n E u -p E/DaED )o V (D n -\D 2 ,D) 
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Proof. We have: 

{E/D n - l n E Q +1 n D E/DU E D n ) o [{E/D n - l U E lil)U D {E/DU E Q)] o tp(D n ~ 1 ,D 2 , D) 
= {E/D n - x U E Q +1 U D E/DU E D n ) o [{E/D^UE^DUDiE/DUEQ)] 



o 



03 



03 



o{E/D n - l U E D -p E/DnED ) o V (D n -\D 2 , D) 

{E/D n - 1 n E Q +1 U D E/DU E D n ) o [ J e/ J D"- 1 D f; (e 1 2 ni ? £;/ J Dn^r) I? Ps/i3n E B] ° 

o[£/£)"- 1 n E 7 ? (Z>, D, 0)] o v (D n -\D 2 , 0) 

(£/z? n - 1 n B ^j +1 n D ^/z?n s i? n ) ° [E/D n - 1 n E [D 2 n D r ] (D,D n ,a) oQ +1 ] o a d2 \ or,(D n -\D 2 ,o) 

[E/D n - x U E [Q+ x n m {D, D n , 0) o o A D2 ] o v (D n -\D 2 , 0) 
since +1 i s a coalgebra homomorphism, we get 
[E/D n - l n E [D n+1 U D n{D, D n ,0)] o A D „ +1 o o v (D n -\D 2 , 0) 
[£/D"- 1 D B [fl' , + 1 n flI) (fl,fl",0)]oV +I ] o (E/D n - 1 D E Q +1 ) O7 7 (£> n - 1 ,£> 2 ,0) 

[^/Z» B - 1 D B [i3 B+1 n23»7(I>,I> n ) 0)] oA D » +1 ] o ^^o^D^+VVh 
b D »-.o^ 1 D,[fl''+ 1 n Dl ,(i),D B ,0)]] o (£" +1 D E A D „ +1 ) o A D „ +1 



[po»-i o S n+1 D E D n+1 n DV {D, D n ,0)] o (A D „ +1 D B £> n+1 ) o A, 
[( PD n- 1 o6 n+1 n E D n+1 )oA Dn+1 n D r ] (D,D n ,0)}oA Dn+1 



03 



[(^/z>»- 1 n B ^ +1 ) o V (D n -\D 2 , 0)a DV (D, D n ,0)] o A D „ +1 

= (^/z?"- 1 n B ^+ 1 n JJ ^/un B £> n ) o ^^.^ojo^tfl.^.ojlov, 

Since E/D n - 1 D E C2 +1 a D E/Da E D n is a monomorphism, we get: 
[{E/D^n^DnDiE/DUE^)] o ^(Z?"- 1 , £ 2 , D) = [^(D"- 1 , £» 2 , Op^A £>", 0)] o A D „ +1 . 

□ 

Lemma B.3. For any s > k > 0, we have 

(35) *(£>", L» s , 0) o (S/£)"n B e|) = *(£)", £> fc , 0). 

Proof. We apply Proposition 12 . 1 21 in the case 
E\ = Ei = E, Fi = F 2 = D n , Bi = D k ,B 2 = D s ,Ai = A 2 = 0,e = ld E , f = Id D n,b = £La = 0. 



in order to obtain: 
Therefore we get 



(E/D n D E a) °v(D n ,D k ,0) = r,(D n ,D',0)o%% 



$(£>", D s , 0) o (E/D n n E &) o n(D n ,D k , 0) 

$(£>", o) o v (D n ,D s , o) o £+« 



= o^o £ n+fe = ^, 0) o v (D n , D\ 0) 

Since r)(D n ,D k ,0) is an epimorphism, we conclude. □ 

Proposition B.4. Let M be a cocomplete abelian monoidal category. Then, with the hypothesis 
and notations of Theorem WA'A we have: 

(36) [$(D n -\D, 0)D D (E/DD E D)} o <p(D n -\D 2 ,D) = f^ n o A^ 1 o £ n+1 . 
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Proof. By (JTHJ) we get 

(37) <S>(D n -\D 2 ,0)o V (D n -\D 2 ,0) = f^ n ~ l o A~~ 2 o £ n+1 . 

(38) $(D, J D",0)or ? (A£)",0) = /° d1 o A~ o f 1+B = f M o £ n+1 . 
By (|3*K|) we obtain 

(39) <i>(£)" _1 , Z) 2 , 0) o (E / D n ~ 1 n E £ 2 ) = ^(D 11 - 1 ^^). 

(40) $(D,D n ,0)o(E/Da E tf) = $(AO,0). 

Finally we compute: 

/5 Dn °S£ _1 °£n+l 



E3J2BI 
IP 

E3 



, D , 0)t7(L>" _ , D , 0)D_d <&(£), D n ,0)rj(D, D n , 0)] o A D „ +1 
[$(£ n -\£ 2 ,0p D $(A£'\0)] o [^"-^^jD^ffl.fl^OlloAo,^ 

[$0D™-\ £> 2 , 0p D $(A D», 0)] o [(S/D^n^p^/rO^")] ° v(D n -\D 2 ,D) 
[$(D n - 1 ,D 2 ,0)(E/D n - 1 nE&)n D $(p, D n ,0)(E/Dn E Q)] o <p(D n -\D 2 ,D) 

[§{D n -\D, Q)D D $(D, D, 0)] o <p(D n -\D 2 , D) 

[<f>(D n -\ D, Q)U D {E/DU E D)} o <p(D n -\ D 2 , D). 

□ 

Lemma B.5. Let 6 : D ^ E be a monomorphism which is a coalgebra homomorphism in an abelian 
monoidal category M. . Then we have 

(D m + n ,5 m+n ) = ker[(p£ m n B pg„) o A E }. 

Proof. By Remark 12.91 we have the following exact sequence: 

D m A E D n = D m+n E — E y ^P^Jr- 

Then we conclude. □ 

Definition B.6. By Lemma lB~5l we have 

(D n ,S n )=ker[(p D : n - 1 n E p D [)oA E } 

so that 

{E/D n ,p% n ) = Coker(<5„) = Coker[Ker((pg ^U ePd \) o A e )] = Im^^D^) o A E }. 
Thus there exists a unique morphism j n : E/D n — > E / D n ~ 1 E\ E E/ D such that 

(41) 7n°PD» = (pZ^-iOePd) o A e . 
Obviously 7„ is a monomorphism and is a morphism of .E-bicomodules. 
Lemma B.7. Let M. be an abelian monoidal category. We have 

(42) hnD E D) o r](D n ,D, 0) = V (D n -\D 2 ,D). 
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Proof. We apply Q in the case 

E = E, F = D n , B = D, A = 0, i F B ^ B = ^ B = S n+1 ,p^ B = Id D „ +1 . 

in order to obtain: 

(43) {E/D n U E Q +1 ) o V (D n ,D,0) = (pg„ o S n+1 D E D n+1 ) o A D „ +1 . 

Therefore we have 

D n ~ 1 \3 E E / DDe£,i +1 ) o (7„D B i3) ° »?(I>", D, 0) 
= ( ln D E D n+1 ) o (B/U"^^ 1 ) o n(D n , D, 0) 



IP 

ED 



( 7 „ opg„ oS n+1 D E D n+1 ) o A D „ +1 

[(pf„-iD B pg) o A B o 5 n+1 D B £> n + 1 ] o A D „ +1 
= [(pg»-i o 5„+iD B pg o 5 n+1 ) oA Dn+1 a E D n+1 ] oA Dn+1 

= (pf»-i o 5 n+1 D^ o 5 n+1 D E D n+1 ) o (£>"+ 1 D E A I ,„ +I ) o A Dn+1 

= [E/D n - x n E {jpl o «s n+1 n £ £>"+ 1 ) a d „ +1 ] o {pl^ o «y n+1 n B D»+ 1 ) o a d „ +1 

m [E/D n - 1 U E {p E D o5 n+l U E D n+1 )K Dn+1 ] o (E/D n - 1 n E $+ 1 ) or,(D n -\D 2 ,0) 
= [E/D n - 1 n E (p%o8 n+1 n E D n+1 )A Dn+1 Q +1 ] of,(D«- 1 ,D a ,0) 
= [S/n"- 1 ^^ o 5 n+1 e 2 " +1 ^e 2 n+1 )A 133 ]r ? ( J D"- 1 ,i) 2 , 0) 

= (e 1 / D n ~ 1 n E E/ dc\ e ^2 +1 ) o [£7/u n - 1 n B ( P g o <5 a n B D 3 )S Z33 ]T 7 (x> n - 1 , u 2 , o) 

P (S/D n - 1 n s E/£>D B e 2 n+1 ) ° [S/D—^s^/DDKei) ° A OJMU"- 1 , D 3 , 0) 
= (S/D"- 1 n s E/ J DD B e 2 i+1 o e?) ° [^/D^CWA D, O)]^"" 1 , D 2 , 0) 

( J B/ J D"- 1 n B s/z>n i5 er +1 ) ° p-^D^tfl.fl.olMD"- 1 ^^) 

{E/D n - 1 U E E/Dn E Q +l ) o r ] (D n - 1 ,D 2 , D). 
Since i?/£>"~ 1 D££ , /_D[_l££™ +:L is a monomorphism, we conclude. □ 

Theorem B.8. Let A4 be a cocomplete abelian monoidal category. Then, with the hypothesis and 
notations of Theorem \3.1S[ we have: 

(44) <f>(D n ,D, 0) = [<&(D n_1 , D, Q)U D {E/DU E D)] o [E/D n - 1 n E D p E /Ba ] ,D] o ( 7 „n E £>). 
Proof. We have 

[tp^.AOjDD^/DDjjD)] o [E/I^iV^/bp^] o ( ln D E D)o V (D n ,D,0) 
IP [$(D n_1 ,D, 0)D D (£?/I>n B D)] o [^"-^b^/^d] o V (D n '\D 2 , D) 
^ [${D n -\D,Q)n D {E/DU E D)\o<p(D n -\D 2 ,D) 

— Jm oA d °Wi 

*(D n ,Z?, 0)o77(D n ,£>,0). 
Since r/(D n , D, 0) is an epimorphism, we conclude. □ 

Proposition B.9. Let E be a coalgebra in an abelian monoidal category M., let X be a right coideal 
and let Y be a left coideal of E in M. Assume that the morphism E / XU\ E py is an epimorphism. 
Then we have that the following sequence is exact in M. : 

o ^xa e y ^ >■ e (pxDEPy) ° Sg ■ §n E § ^0 
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Proof. We have: 

(E/XD e py) °Pe/x °Px = (E/XD e py) ° (p x O E E) o A E = (px^EPr) ° A B , 

so that (px^BPy) A# is an epimorphism as a composition of cpimorphisms. The conclusion 
follows by ©. □ 
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